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ABSTRACT 

The binary quadratic Diophantine equation represented  by the  positive pellian 
tyx 36 22    is analyzed for its 

non-zero distinct  solutions. A few interesting relations among the solutions  are given. Further, employing the 

solutions of the above hyperbola, we have obtained solutions of other choices of hyperbolas, parabolas and 

Pythagorean triangle. 
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I. INTRODUCTION 
 

The binary quadratic equations of the form 
122  Dxy

  where D is non-square positive integer has been 
selected by various mathematicians for its non-trivial integer solutions when D takes different integral values [1-4]. 

For an extensive review of various problems, one may refer [5-10]. In this communication, yet another interesting 

equation given by 
tyx 36 22 
 is considered and infinitely many integer solutions are obtained. A few 

interesting properties among the solutions are presented. 

 

II. METHOD OF ANALYSIS 
 

The positive Pell equation representing hyperbola under consideration is,  

  
tyx 36 22 
                                        (1) 

The smallest positive integer solutions of (1) are,     
1

0 3.3  tx
,

1

0 3.1  ty
 

 The pellian equation is  

16 22  yx
                                                                                                     (2) 

The initial solution of pellian equation is 

5~
0 x

,
2~

0 y
 

The general solution
 nn yx ,

 of (2) is given by,      
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Applying Brahmagupta lemma between 
 00 , yx

 and 
 nn yx ~,~

 the other integer solution of (1) are given by, 
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The recurrence relation satisfied by the solution and   are given by, 

010 123   nnn xxx
 

010 123   nnn yyy
   n=0,1,2,3….. 

Some numerical examples of  and  satisfying (1) are given in the Table 1 below, 
 

Table 1: Examples 

n  
nx

 ny
 

0 13.3 t

 
13.1 t

 

1 13.27 t

 
13.11 t

 

2 13.267 t

 
13.109 t

 

3 13.2643 t

 
13.1079 t

 

 

From the above table, we observe some interesting relations among the solutions which are presented below. 

Both nx
 and ny

 values are odd. 

 

Each of the following expression is a nasty number 
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 4232 1325343.10
3.5

6
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t

t
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 3242 1308543.10
3.5

6
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t
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 4242 13085343.2
3

6
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t

t
yx

 

 3242 267273.2
3

6
  nn

t

t
yy

 
 

Each of the following expressions is a cubical integer. 
 

 214333 33311
3

1
  nnnnt

xxxx
 

 215333 3327109
3.10

1
  nnnnt

xxxx
 

 214333 361621254
3.5

1
  nnnnt

yxyx
 

 315333 36160212534
3.49

1
  nnnnt

yxyx
 

 123343 396181326
3.5

1
  nnnnt

yxyx
 

 123353 39241813086
3.49

1
  nnnnt

yxyx
 

 123343 819273
3

1
  nnnnt

yyyy
 

 123353 80192673
3.10

1
  nnnnt

yyyy
 

 225343 3332711109
3

1
  nnnnt

xxxx
 

 224343 39616213254
3

1
  nnnnt

yxyx
 

 325343 3961602132534
3.5

1
  nnnnt

yxyx
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 234353 3924162130854
3.5

1
  nnnnt

yxyx
 

 335353 392416021308534
3

1
  nnnnt

yxyx
 

 234353 8018126727
3

1
  nnnnt

yyyy
 

 

Each of the following expressions is a biquadratic integer. 

 

 t

nnnnt
xxxx 3.644411

3

1
32225444  

 

 t

nnnnt
xxxx 3.604436109

3.10

1
42224444  

 

 t

nnnnt
yxyx 3.30602701254

3.5

1
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 t

nnnnt
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3.49

1
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 t
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3.5

1
22324454  

 

 t
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3.49

1
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 t
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3

1
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 t
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3.10

1
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 t
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3

1
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 t
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3

1
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 t
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3.5

1
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 t
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3.5

1
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 t

nnnnt
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3

1
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 t

nnnnt
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3

1
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Each of the following expression is a quintic integer: 

 

 1133335555 120606030126
3

1
  nnnnnnt

yxyxyx
 

 2143336555 1011055511
3

1
  nnnnnnt

xxxxxx
 

 2153337555 1010905545109
3.5

1
  nnnnnnt

xxxxxx
 

 2143336555 120540602701254
3.5

1
  nnnnnnt

yxxxyx
 

 3153337555 120534060267012534
3.49

1
  nnnnnnt

yxyxyx
 

 1233435565 132060660301326
3.5

1
  nnnnnnt

yxyxyx
 

 1233535575 130806065403013086
3.49

1
  nnnnnnt

yxyxyx
 

 1233435565 2703013515273
3

1
  nnnnnnt

yyyyyy
 

 1233535575 2670301335152673
3.10

1
  nnnnnnt

yyyyyy
 

 3253437565 11010905554511109
3

1
  nnnnnnt

xxxxxx
 

 2243436565 132054066027013254
3

1
  nnnnnnt

xyyxyx
 

 3253437565 132053406602670132534
3.5

1
  nnnnnnt

yxyxyx
 

 2343536575 130805406540270130854
3.5

1
  nnnnnnt

yxyxyx
 

 2343536575 2670270133513526727
3

1
  nnnnnnt

yyyyyy
 

 3353537575 130805340654026701308534
3

1
  nnnnnnt

yxyxyx
 

 
Relations among the solutions are given below: 

 

113 12049   nnn yxx
 

112 52   nnn yxy
 

113 4920   nnn yxy
 

123 10   nnn xxx
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122 512   nnn xxy
 

123 54912   nnn xxy
 

13224   nnn xxy
 

133 49120   nnn xxy
 

123 2495   nnn xyy
 

213 49125   nnn xyx
 

212 25   nnn xyy
 

213 4   nnn xyy
 

312 2549   nnn xyy
 

313 2049   nnn xyy
 

123 10   nnn yyy
 

232 512   nnn xxy
 

233 512   nnn xxy
 

223 25   nnn xyy
 

323 25   nnn xyy
 

 

Remarkable Observation 

Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of 

hyperbolas which are presented in table 2 below 

 
Table 2: Hyperbola 

S.NO Hyperbola (X,Y) 

1 tYX 9.46 22    1111 26,126   nnnn xyyx
 

2 tYX 9.46 22    1221 182,11   nnnn xxxx
 

3 tYX 9.16006 22    1331 89,2218   nnnn xxxx
 

4 tYX 9.1006 22    1221 226,1254   nnnn xyyx
 

5 tYX 9.96046 22    1331 2186,12534   nnnn xyyx
 

6 tYX 9.1006 22    2112 254,1326   nnnn xyyx
 

7 tYX 9.96046 22    3113 2534,13086   nnnn xyyx
 

8 tYX 9.46 22    2112 11,273   nnnn yyyy
 

9 tYX 9.16006 22    3113 2218,5346   nnnn yyyy
 

10 tYX 9.1446 22    2332 26727,66654   nnnn xxxx
 

11 tYX 9.46 22    2222 2254,13254   nnnn xyyx
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12 tYX 9.1006 22    2332 21854,132534   nnnn xyyx
 

13 tYX 9.1006 22    3223 22534,130854   nnnn xyyx
 

14 tYX 9.46 22   
 3333 218534,1308534   nnnn xyyx

 

15 tYX 9.46 22    3223 11109,26727   nnnn yyyy
 

 
Employing linear combination among the solutions of (1), one may generate integer solutions for other choices of 

parabolas which are presented in table 3 below 

 
Table 3: Parabola 

S.NO Parabola (X,Y) 

1 tt YX 9.463 22   
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2 tt YX 9.463 22   
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3 tt YX 9.160063.20 22   
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4 tt YX 9.10063.5 22   
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5 tt YX 9.960463.49 22   























13

4222

2186

,3.9812534

nn

t

nn

xy

yx

 
6 tt YX 9.10063.5 22   
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7 tt YX 9.960463.49 22   
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8 tt YX 9.469.4 22   
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t
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9 tt YX 9.160063.20 22   
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,3.405346
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t

nn

yy
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10 tt YX 9.14463.6 22   
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,3.1266654
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11 tt YX 9.463 22   
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12 tt YX 9.10063.5 22   
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13 tt YX 9.10063.5 22   
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14 tt YX 9.463 22   
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15 tt YX 9.463 22   
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t
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III. CONCLUSION  

In this paper, we have presented infinitely many integer solutions for the  positive Pell Equations 
tyx 36 22 
 

As the binary quadratic Diophantine equations  are rich in variety, one may search for the other choices of  Pell 

Equations and determine their integer solutions along with suitable properties. 
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